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REALIZATION OF ŝl2(C) AT THE CRITICAL LEVEL
JONATHAN DUNBAR, NAIHUAN JING, AND KAILASH C. MISRA
Abstract. An explicit realization of the affine Lie algebra ŝl2(C) at the critical level is
constructed using a mixture of bosons and parafermions. Subsequently a representation
of the associated Lepowsky-Wilson Z-algebra is given on a space of the tensor product of
bosonic fields and certain semi-infinite wedge products.
1. Introduction
Affine Lie algebras form an important class of Kac-Moody Lie algebras (cf. [9]). The
first nontrivial construction of a representation of ŝl2(C) was discovered in terms of certain
differential operators [14] called vertex operators acting on a Fock Space. This explicit
realization of affine Lie algebras by vertex operators initiated a flurry of activities which
led to many important connections of affine Lie algebra representations with other areas of
mathematics and physics. It also led to the discovery of new algebraic structures such as
vertex operator algebras (cf. [1, 7, 12]).
In [15, 16] Lepowsky and Wilson introduced a certain nonassociative algebra called a
Z-algebra associated with an integrable highest-weight module of an affine Lie algebra and
a suitable infinite-dimensional Heisenberg subalgebra. In particular, the Z-algebra is gen-
erated by certain operators called Z-operators centralizing the action of the Heisenberg
subalgebra on the representation space, hence acting on a special subspace called the vac-
uum space. It was shown in [16] that the representation space is irreducible if and only
if the vacuum space is irreducible as a Z-algebra module. In [13], Lepowsky and Primc
used the Z-algebra theory to give explicit constructions of all integrable highest weight
ŝl2(C)-modules at positive integral level in the homogeneous gradation. Such Z-algebras
are essentially equivalent to parafermion algebras as explained in [2]. The construction was
extended to that of the quantum affine algebra Uq(ŝl2(C)) in [8].
On the other hand, Wakimoto [18] gave a free field realization of the affine Lie algebra
ŝl2(C) at an arbitrary level. Subsequently, this construction was extended to other affine Lie
algebras by Feigin and Frenkel [4, 5]. Geometric realizations of the Wakimoto representation
at the critical level were given in [6]. For a generic weight λ at the critical level −2 the
graded dimension of the simple ŝl2(C)-module L(λ) is known (cf. [10], [3], [11], [17]).
Motivated by explicit constructions in [13, 8] at the positive levels, we present an ex-
plicit realization of the affine Lie algebra ŝl2(C) at the critical level −2. The corresponding
representation involves an interesting Clifford-type (or parafermion) algebra and is simpler
than the Wakimoto module. It would be interesting to compare our new construction with
the level 2 ŝl2(C)-modules constructed in [8]. Finally, we give a representation of the as-
sociated Lepowsky-Wilson Z-algebra and determine its graded dimension. It is worthwhile
1
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to note that this Z-algebra realization at the critical level −2 is different from the general
construction of [13] for positive levels.
2. Preliminaries
The simple Lie algebra sl2(C) is generated by X, Y, and H, where
X =
[
0 1
0 0
]
, Y =
[
0 0
1 0
]
, H =
[
1 0
0 −1
]
.
The roots of sl2(C) with Cartan subalgebra CH are {α,−α} with α(H) = 2.
The affine Lie algebra ŝl2(C) = sl2(C) ⊗ C[t, t−1] ⊕ Cc ⊕ Cd, where c is the central
element and d = 1⊗ t ddt is the degree derivation. For any a ∈ sl2(C) and m ∈ Z, we denote
a(m) = a⊗ tm ∈ ŝl2(C). For any a, b ∈ sl2(C) and m,n ∈ Z, the commutation relations in
ŝl2(C) are given by:
(2.1)
{
[a(m), b(n)] = [a, b] (m+ n) + Tr(ab)mcδm,−n,[
c, ŝl2(C)
]
= 0, [d, a(m)] = ma(m).
The affine Lie algebra ŝl2(C) is generated by h0, h1, e0, e1, f0, f1 and d where:
e0 = Y (1), e1 = X(0),
f0 = X(−1), f1 = Y (0),
h0 = −H(0) + c, h1 = H(0).
Let h =
(⊕
n∈Z
CH(n)
)
⊕ Cc ⊕ Cd and h0 = CH(0) ⊕ Cc ⊕ Cd be the affine Cartan
subalgebra. Then, for λ ∈ h∗0, λ(c) is called the level of λ, and for ŝl2(C), λ(c) = −2 is the
critical level. We consider the Heisenberg subalgebra h′ =
(⊕
n 6=0
CH(n)
)
⊕Cc of ŝl2(C) and
set h′± =
⊕
n>0
CH(±n).
It follows by (2.1) that [H(m),H(n)] = 2mcδm,−n. Throughout this paper, we use the
notations and settings of [7] and [12]. We define the action of the Heisenberg subalgebra h′
on the symmetric algebra S(h′−) as follows:
c · v = −2v,
H(−m) · v = H(−m)v,
H(m) · v = −4m∂H(−m)(v),
for all v ∈ S(h′−), m > 0, where ∂H(−m) denotes the formal partial derivative with respect
to H(−m).
Let a(z) =
∑
m∈Z
a(m)z−m, for all a ∈ sl2(C). We call a(m) the mth component of a(z).
Let δ(z) =
∑
n∈Z
zn be the formal delta function. Then using (2.1) we have:
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[H(z),X(w)] = 2X(w)δ
(w
z
)
,(2.2)
[H(z), Y (w)] = −2Y (w)δ
(w
z
)
,(2.3)
[X(z), Y (w)] = H(w)δ
(w
z
)
+ cw∂wδ
(w
z
)
.(2.4)
Now let V be any ŝl2(C)-module induced from that of the Heisenberg subalgebra h′, we
define the exponential operators on V :
E±+(z) = exp
(
∓
∑
n>0
H(−n)
2n
zn
)
and E±−(z) = exp
(
±
∑
n>0
H(n)
2n
z−n
)
.
The following identities are straightforward.
Lemma 2.1. (cf. [16])
E+±(z)E
−
±(z) = 1,
E±−(z)E
±
+(w) = E
±
+(w)E
±
−(z)
(
1−
w
z
)−1
,
E+−(z)E
−
+(w) = E
−
+(w)E
+
−(z)
(
1−
w
z
)
,
E+±(z)E
+
±(w) = E
+
±(w)E
+
±(z),
E−±(z)E
+
±(w) = E
+
±(w)E
−
±(z),
E−±(z)E
−
±(w) = E
−
±(w)E
−
±(z),
∂z
(
E±+(z)E
±
−(z)
)
= E±+(z)
∓∑
n 6=0
H(n)
2
z−n−1
E±−(z).
Proof. The proof of all properties except the last one are similar to the corresponding results
in [16]. We include the proof of the last property below.
∂z
(
E±+(z)E
±
−(z)
)
= E±+(z)∂z
[
∓
∑
n>0
H(−n)
2n
zn
]
E±−(z) +E
±
+(z)∂z
[
±
∑
n>0
H(n)
2n
z−n
]
E±−(z)
= E±+(z)
[
∓
∑
n>0
H(−n)
2
zn−1
]
E±−(z) + E
±
+(z)
[
∓
∑
n>0
H(n)
2
z−n−1
]
E±−(z)
= E±+(z)
∓∑
n 6=0
H(n)
2
z−n−1
E±−(z)

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Now we define the Z-operators on V as follows:
Z+(z) = Z(α, z) = E−+(z)X(z)E
−
− (z),
Z−(z) = Z(−α, z) = E++(z)Y (z)E
+
−(z).
Let Z±(z) =
∑
m∈Z
Z±(m)z−m. The Z-algebra Z is generated by the homogeneous com-
ponents Z±(m), for all m ∈ Z. As shown in [16], V has the following tensor product
decomposition:
V ≃ S(h′−)⊗ Ω(V ),
where Ω(V ) =
{
v ∈ V |h′+ · v = 0
}
is called the vacuum space. The following lemma can
be proved using standard techniques, as in [16].
Lemma 2.2. (cf. [16]) The Z-operators Z±(m) commutes with the H(n)’s and hence with
the Heisenberg algebra h′.
As a consequence of Lemma 2.2, we have[
E±+(z),Z
+(w)
]
= 0 =
[
E±−(z),Z
+(w)
][
E±+(z),Z
−(w)
]
= 0 =
[
E±−(z),Z
−(w)
]
.
By Lemma 2.2, the Z-operators centralize the action of the Heisenberg subalgebra and
hence act on the vacuum space Ω(V ). Thus Ω(V ) is a Z-module. As shown in [16], V is
irreducible if and only if Ω(V ) is irreducible as a Z-module.
For φ1, φ2 = ±α, we define the generalized commutator bracket as follows:
[[Z(φ1, z),Z(φ2, w)]](2.5)
= Z(φ1, z)Z(φ2, w)
(
1−
w
z
) (φ1,φ2)
−2
− Z(φ2, w)Z(φ1, z)
(
1−
z
w
) (φ1,φ2)
−2
.
The following Lemma follows easily using Lemma 2.2, as in [16].
Lemma 2.3. (cf. [16]) The following relations hold:
(2.6)
{[[
Z
±(z),Z±(w)
]]
= 0,[[
Z
+(z),Z−(w)
]]
= H(0)δ
(
w
z
)
− 2w∂wδ
(
w
z
)
.
3. Representation of ŝl2(C) at the Critical Level
We define the Clifford-like algebra A generated by
{
A(m), A∗(m)|m ∈ Z+ 12
}
subject to
the relations:
(3.1) {A(m), A∗(n)} = −
(
m2 −
1
4
)
δm+n,0,
(3.2) {A(m), A(n)} = 0 = {A∗(m), A∗(n)} ,
where { , } denotes the anti-commutator bracket.
For a ∈ {A,A∗} we define the formal generating series a(z) =
∑
n∈Z+ 1
2
a(n)z−n−
1
2 .
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Definition 3.1. For m,n ∈ Z+ 12 , a, b ∈ {A,A
∗} we define the normally ordered products
:a(m)b(n) : =
{
a(m)b(n), m < 0
−b(n)a(m), m > 0
.
The normally ordered products for the generating series are given by
:a(z)b(w):=
∑
m,n∈Z+ 1
2
:a(m)b(n): z−m−
1
2w−n−
1
2
for a, b ∈ {A,A∗} and we have :a(z)b(w):= − :b(w)a(z):. Therefore, : a(w)a(w) : = 0 for
a ∈ {A,A∗}.
For a, b ∈ {A,A∗} we define the contraction function a(z)b(w)︸ ︷︷ ︸= a(z)b(w)− :a(z)b(w) : .
Then by (3.1), and (3.2) we have
(3.3)

A(z)A(w)︸ ︷︷ ︸ = 0 = A∗(z)A∗(w)︸ ︷︷ ︸,
A(z)A∗(w)︸ ︷︷ ︸ = −2zw(z − w)3 = A∗(z)A(w)︸ ︷︷ ︸
We consider a natural representation of the algebra A as follows. The exterior algebra
Λ(V ) of the infinite-dimensional vector space V = ⊕i∈Z+1/2Ci is spanned by the finite
wedge products u = i1 ∧ . . . ∧ ik, where i1 < · · · < ik, ij ∈ Z + 1/2. The set of indices
appearing in u is called the support of u, i.e., supp(u) = {i1, . . . , ik}. We now consider
the semi-infinite wedge space Λ := Λ∞/2(V ), which is an infinite-dimensional Λ(V )-module
spanned by the semi-infinite wedge products (of weight r)
(3.4) v = i1 ∧ i2 ∧ . . . ∧ ik ∧ . . . ,
where the support supp(v) = {i1, i2, · · · } satisfy the condition that i1 < i2 < · · · < ik < · · ·
and ik = k + r + 1/2 for a fixed r ∈ Z and sufficiently large integer k. Here Λ(V ) acts on
Λ∞/2(V ) by concatenation. A general homogeneous element v in Λ is characterized by the
condition that both supp(v)∩ (Z−+1/2) and (Z++1/2)− supp(v) are finite subsets. Here
Z+ (or Z−) denotes the set of non-negative (or negative) integers respectively.
The semi-infinite wedge products satisfy similar properties as finite wedge products such
as adjacent factors anti-commute with each other:
(3.5) i ∧ j ∧ . . . = −j ∧ i ∧ . . . .
It follows that i ∧ i ∧ . . . = 0, for any i. Also, it follows that the factors of v or any
similar semi-infinite wedge product can always be placed into ascending numerical order,
as described above in the definition of v (see Eq. (3.4)).
Since, for nj ∈ Z++
1
2 , only finitely many nj are not in supp(v), it may then be convenient
to use the notation î to imply that i is not a factor of v. For each i ∈ Z+1/2 we define the
operator ∂i acting on Λ as follows. For any semi-infinite wedge product v as in Eq. (3.4),
if i /∈ supp(v) then ∂iv = 0. Otherwise, if ik = i
(3.6) ∂i(i1 ∧ · · · ∧ ik ∧ · · · ) = (−1)
k+1i1 ∧ i2 ∧ · · · ∧ îk ∧ . . . .
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The action of ∂i is well-defined. In fact, without loss of generality suppose we rewrite the
semi-infinite wedge product v = i1 ∧ · · · ∧ ik ∧ · · · = −i1 ∧ · · · ∧ ik + 1 ∧ ik · · · . Since ik = i
is now in the (k + 1)th position, our rule (3.6) gives that
∂i(v) = ∂i(−i1 ∧ · · · ∧ ik+1 ∧ ik ∧ · · · ) = −(−1)
k+2i1 ∧ i2 ∧ · · · ∧ îk ∧ . . .
which is the same as the right-hand side of (3.6).
An example of homogeneous semi-infinite wedge vector v is
v = −9/2 ∧ −3/2 ∧−1/2 ∧ 1/2 ∧ 5/2 ∧ 7/2 ∧ 9/2 ∧ . . . ,
which has supp(v) = {−9/2,−3/2,−1/2} ∪ (Z+ + 1/2) − {3/2}.
Equivalently, we could write this example as
v = −9/2 ∧ −̂7/2 ∧ −̂5/2 ∧ −3/2 ∧ −1/2 ∧ 1/2 ∧ 3̂/2 ∧ 5/2 ∧ 7/2 ∧ 9/2 ∧ . . . ,
or
v = −∂−5/2 (−9/2 ∧ −5/2 ∧ −3/2 ∧ −1/2 ∧ 1/2 ∧ 5/2 ∧ 7/2 ∧ 9/2 ∧ . . .) .
Now, define Λ
−1
2
, 1̂
2
to be the subspace of Λ spanned by the vectors of the form
v = mr ∧ . . . ∧m1 ∧−1/2 ∧ 1̂/2 ∧ n1 ∧ n2 ∧ . . . .
In particular, we stress that for these vectors v, −1/2 ∈ supp(v) and 1/2 /∈ supp(v). Using
the notation described above to highlight the factors omitted from supp(v), we can write
any vector in Λ
−1
2
, 1̂
2
as a linear combination of vectors of the form:
(3.7) v = mr ∧ · · · ∧m1 ∧ −1/2 ∧ 1̂/2 ∧ · · · ∧ n̂1 ∧ · · · ∧ n̂s ∧ . . . ,
where mr < . . . < m1 <
−1
2 < n1 < . . . < ns, for some positive integers r and s. Note
especially that the important characteristic of this v is that the negative half-integers m′is
are included in supp(v) and the positive half-integers n′is are not included in supp(v). Now
for a homogeneous element v ∈ Λ
−1
2
, 1̂
2
, as in (3.7), we define the degree of v by
(3.8) deg(v) =
r∑
i=1
(
−mi −
1
2
)
+
s∑
j=1
(
nj −
1
2
)
.
For example, let
w = −11/2 ∧ −5/2 ∧ −3/2 ∧−1/2 ∧ 3/2 ∧ 7/2 ∧ 11/2 ∧ 15/2 ∧ 17/2 ∧ . . . .
Then,
deg(w) =
(
11
2
−
1
2
)
+
(
5
2
−
1
2
)
+
(
3
2
−
1
2
)
+
(
5
2
−
1
2
)
+
(
9
2
−
1
2
)
+
(
13
2
−
1
2
)
= 20.
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Define the action of the algebra A on Λ
−1
2
, 1̂
2
as follows:
A(m) · v =
(
m−
1
2
)
m ∧ v,(3.9)
A∗(m) · v =
(
m−
1
2
)
∂−m (v) ,(3.10)
where v = mr∧· · ·∧m1∧−1/2∧1̂/2∧· · ·∧n̂1∧· · ·∧n̂s∧. . . in Λ−1
2
, 1̂
2
, and A(m), A∗(m) ∈ A.
This action is extended by linearity to all of Λ
−1
2
, 1̂
2
.
Theorem 3.2. Under the above action Λ
−1
2
, 1̂
2
is an A-module.
Proof. It is sufficient to show that the action preserves relations (3.1) and (3.2) for
v = mr ∧ · · · ∧m1 ∧−1/2∧ 1̂/2∧ · · · ∧ n̂1 ∧ · · · ∧ n̂s ∧ · · · ∈ Λ−1
2
, 1̂
2
. First, we prove that (3.1)
holds:
{A(m), A∗(n)} · v = −
(
m2 −
1
4
)
δm+n,0v.
For m,n ∈ Z+ 12 , there are four cases to consider. Namely,
(i) m,−n ∈ supp(v),
(ii) m /∈ supp(v),−n ∈ supp(v),
(iii) m ∈ supp(v),−n /∈ supp(v), and
(iv) m,−n /∈ supp(v).
We only prove that (3.1) holds in case (i) below since the other three cases are similar. In
this case, we have
{A(m), A∗(n)} · v = A(m) ·
((
n−
1
2
)
∂−n (v)
)
+A∗(n) ·
((
m−
1
2
)
m ∧ v
)
= A(m) ·
((
n−
1
2
)
∂−n (v)
)
=
(
m−
1
2
)(
n−
1
2
)
m ∧
(
∂−n (v)
)
.
Clearly, m ∧
(
∂−n (v)
)
6= 0 if and only if m = −n. Hence, when m,−n ∈ supp(v), we
have {A(m), A∗(n)} · v = −
(
m2 − 14
)
vδm,−n proving (3.1).
Now to show that {A(m), A(n)} · v = 0 holds, we observe that
{A(m), A(n)} · v = A(m)A(n) · v +A(n)A(m) · v
= A(m) ·
((
n−
1
2
)
n ∧ v
)
+A(n) ·
((
m−
1
2
)
m ∧ v
)
=
(
m−
1
2
)(
n−
1
2
)
m ∧ n ∧ v +
(
n−
1
2
)(
m−
1
2
)
n ∧m ∧ v
= 0,
since m ∧ n = −n ∧m.
It can be shown similarly using relation (3.6) that {A∗(m), A∗(n)} · v = 0 also holds. 
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Consider the group algebra C [Zα] where, for all β, λ ∈ Zα, we define the actions
(3.11)
{
eβ · eλ = eβ+λ,
d · eλ = −14(λ, λ)e
λ.
For any coweight β(0) (β ∈ Zα) we define
zβ(0) · eλ = z(β,λ)eλ,
and we identify α(0) with H(0).
Theorem 3.3. Let V = S(h−)⊗ Λ
−1
2
, 1̂
2
⊗ C [Zα]. Define the map pi : ŝl2(C) −→ gl(V ) by
X(z) 7−→ E++(z)E
+
− (z)⊗A(z)⊗ e
αz−
α(0)
2 ,
Y (z) 7−→ E−+(z)E
−
− (z)⊗A
∗(z)⊗ e−αz
α(0)
2 ,
H(z) 7−→ H∗(z) ⊗ 1⊗ 1 + 1⊗ 1⊗H(0),
c 7−→ −2,
d 7−→ d⊗ 1⊗ 1 + 1⊗ d⊗ 1 + 1⊗ 1⊗ d,
where H∗(z) = H(z)−H(0). Then pi is a representation of ŝl2(C) on V .
Proof. To see that pi defines a representation of ŝl2(C), we simply need to show that the
map pi preserves relations (2.2) – (2.4). For example, using (3.3) we have
pi(X(z))pi(Y (w)) = E++(z)E
+
− (z)E
−
+(w)E
−
− (w)⊗A(z)e
αz−
α(0)
2 A∗(w)e−αw
α(0)
2
= E++(z)E
−
+ (w)E
+
−(z)E
−
− (w)⊗ :A(z)A
∗(w) : (z − w) z−
α(0)
2 w
α(0)
2
+ E++(z)E
−
+(w)E
+
− (z)E
−
−(w) ⊗
(
−2zw
(z − w)2
)(w
z
)α(0)
2
,
and
[pi(X(z)), pi(Y (w))] = −2E++(z)E
−
+(w)E
+
− (z)E
−
−(w)
(w
z
)α(0)
2
[
w∂wδ
(w
z
)]
= −2w∂w
[
E++(z)E
−
+(w)E
+
− (z)E
−
−(w)
(w
z
)α(0)
2
δ
(w
z
)]
+ 2w∂w
[
E++(z)E
−
+ (w)E
+
−(z)E
−
− (w)
] (w
z
)α(0)
2
δ
(w
z
)
+ 2wE++(z)E
−
+ (w)E
+
−(z)E
−
− (w)∂w
[(w
z
)α(0)
2
]
δ
(w
z
)
= −2w∂wδ
(w
z
)
+
∑
n 6=0
H(n)w−nδ
(w
z
)
+ α(0)δ
(w
z
)
=
∑
n 6=0
H(n)w−nδ
(w
z
)
+H(0)δ
(w
z
)
− 2w∂wδ
(w
z
)
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= H(w)δ
(w
z
)
− 2w∂wδ
(w
z
)
= pi([X(z), Y (w)]).
It follows similarly that the map pi preserves the relations (2.2) and (2.3).
Therefore, pi is a representation of ŝl2(C) on V . 
Now, with the degree defined in (3.8, 3.11) the following result is immediate.
Corollary 3.4. The graded q-dimension of V is dimq(V ) =
∏
m≥0
(1 + qm)2
∑
p∈Z
q
p2
2∏
n≥1
(1− qn)
.
Remark 3.5. It is known (cf. [10, 11, 17]) that the graded q-dimension of an irreducible
ŝl2(C) highest weight module L(λ) of level −2 is dimq(L(λ)) =
∏
n≥0
(1 + qn)2 .
Theorem 3.6.
Consider v0 = 1⊗−1/2∧ 3/2 ∧ 5/2 ∧ · · · ⊗ 1, and v1 = 1⊗−1/2∧ 3/2 ∧ 5/2 ∧ · · · ⊗ e
−α in
V . Then, v0 and v1 are highest weight vectors with weights λ0 = −2Λ0 and
λ1 = −2Λ1 −
1
2δ, respectively.
Proof. Recall that e0 = Y (1) and e1 = X(0). Then,
Y (z) · v0 = E
−
+(z) · 1⊗
∑
n∈Z+ 1
2
A∗(n) · (−1/2 ∧ 3/2 ∧ 5/2 ∧ . . . ) z−n−
1
2 ⊗ e−αz
α
2 · 1
= E−+(z)⊗
∑
n≤−3
2
(
n−
1
2
)
∂−n (−1/2 ∧ 3/2 ∧ 5/2 ∧ . . . )⊗ e
−αz−n−
1
2 .
We observe that as Y (z) acts on v0, only the components Y (n) with n < 0 have non-zero
action. Hence e0 = Y (1) and f1 = Y (0) annihilate v0.
Similarly,
X(z) · v0 = E
+
+(z) · 1⊗
∑
n∈Z+ 1
2
A(n) · (−1/2 ∧ 3/2 ∧ 5/2 ∧ . . . ) z−n−
1
2 ⊗ eαz
−α
2 · 1
= E++(z) · 1⊗
∑
n≤−3
2
(
n−
1
2
)
n ∧ (−1/2 ∧ 3/2 ∧ 5/2 ∧ . . .)⊗ eαz−n−
1
2 .
Thus, e1 · v0 = X(0) · v0 = 0. Furthermore,
f0 · v0 = −2 (1⊗−3/2 ∧ −1/2 ∧ 3/2 ∧ 5/2 ∧ . . .⊗ e
α) .
Letting Y (z) act on f0 · v0, we easily see that e0 · (f0 · v0) = −2v0. Therefore, we have
h0 · v0 = (e0f0 − f0e0) · v0 = e0 · (f0 · v0) = −2v0, and h1 · v0 = (e1f1 − f1e1) · v0 = 0. Using
(3.8) and (3.11), we observe that d · v0 = 0. Hence, the weight of v0 is λ0 = −2Λ0.
Also, Y (z) · v1 = E
−
+(z)⊗
∑
n≤−3
2
(
n− 12
)
∂−n (−1/2 ∧ 3/2 ∧ 5/2 ∧ . . . )⊗ e
−2αz−n−
3
2 , and
X(z) · v1 = E
+
+(z) · 1⊗
∑
n≤−3
2
(
n− 12
)
n ∧ (−1/2 ∧ 3/2 ∧ 5/2 ∧ . . . )⊗ 1 z−n+
1
2 .
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By an argument similar to the v0 case, we see that e0 and e1 annihilate v1. We also observe
that f0 annihilates v1. However, f1 · v1 = −2
(
1⊗−1/2 ∧ 5/2 ∧ 7/2 · · · ⊗ e−2α
)
. Letting
X(z) act on f1 ·v1, we observe that e1 ·(f1 · v1) = −2v1. Thus, h0 ·v1 = (e0f0 − f0e0)·v1 = 0,
and h1 · v1 = (e1f1 − f1e1) · v1 = e1 · (f1 · v1) = −2v1. Using (3.8) and (3.11), we see that
d · v1 =
−1
2 v1. Hence, the weight of v1 is λ1 = −2Λ1 −
1
2δ. 
Remark 3.7. Let L(−2Λ0) and L(−2Λ1 −
1
2δ) be the irreducible ŝl2(C)-submodules gen-
erated by the highest weight vectors v0 and v1, respectively. Unlike in the level 2 case (see
[8]), L(−2Λ0)⊕ L(−2Λ1 −
1
2δ) ( V .
4. Representation of the Z-algebra
Recall that the Z-algebra Z associated with ŝl2(C) is generated by the operators{
Z±(m)|m ∈ Z
}
which satisfy the relations:[[
Z±(z),Z±(w)
]]
= 0,(4.1) [[
Z+(z),Z−(w)
]]
= H(0)δ
(w
z
)
− 2w∂wδ
(w
z
)
,(4.2)
where Z±(z) =
∑
m∈Z
Z±(m)z−m and [[ , ]] is the generalized commutator defined in (2.5).
We define a representation of the Z-algebra Z on the vacuum space Ω(V ) = Λ 1
2
, −̂1
2
⊗C [Zα].
Theorem 4.1. Define the map piΩ : Z −→ End(Ω(V )) by
Z
+(z) 7→ A(z)eαz
−α
2
Z
−(z) 7→ A∗(z)e−αz
α(0)
2 .
The map piΩ is a representation of Z on Ω(V ).
Proof. It suffices to show that the map piΩ preserves the relations (4.1) and (4.2).
First, by (3.3) we have piΩ(Z
+(z))piΩ(Z
+(w)) = :A(z)A(w) : e2αz−1(zw)−
α(0)
2 . Hence
[[
piΩ(Z
+(z)), piΩ(Z
+(w))
]]
= :A(z)A(w) : e2α(zw)−
α(0)
2 w−1δ
(w
z
)
= 0 = piΩ
([[
Z+(z),Z+(w)
]])
.
Similarly,
[[
piΩ(Z
−(z)), piΩ(Z
−(w))
]]
= 0 = piΩ
([[
Z−(z),Z−(w)
]])
.
Now using (3.3) we have,
piΩ(Z
+(z))piΩ(Z
−(w)) = A(z)eαz
−α
2 A∗(w)e−αw
α(0)
2 =
(
:A(z)A∗(w) : −
2zw
(z − w)3
)
z
(w
z
)α
2
.
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Hence,[[
piΩ(Z
+(z)), piΩ(Z
−(w))
]]
= :A(z)A∗(w) : ((z − w) + (w − z))
(w
z
)α
2
= −2
(
zw
(z − w)2
−
zw
(w − z)2
)(w
z
)α
2
= −2w∂w
[
δ
(w
z
)](w
z
)α
2
= 2w∂w
[(w
z
)α
2
]
δ
(w
z
)
− 2w∂w
[(w
z
)α
2
δ
(w
z
)]
= H(0)δ
(w
z
)
− 2w∂wδ
(w
z
)
= piΩ
([[
Z+(z),Z−(w)
]])
.
Thus, piΩ is a representation of the algebra Z on Ω(V ). 
Remark 4.2. We note that Theorem 4.1 gives another proof that pi is a representation of
ŝl2(C) on V by the general theory of Z-algebras.
Remark 4.3. It follows from Corollary 3.4 and Theorem 4.1 that
dimq(Ω(V )) =
∏
m≥0
(1 + qm)2
∑
p∈Z
q
p2
2 .
Acknowledgements
We thank James Lepowsky for valuable comments on an earlier version of this paper. NJ
acknowledges support from Max-Planck Institut fu¨r Mathematik, Simons Foundation grant
198129, and NSFC grants 10728102 and 11271138 during this work. KCM acknowledges the
partial support through Simons Foundation grant 208092 and NSA grant H98230-12-1-0248.
References
[1] Borcherds, R. E., Vertex algebras, Kac-Moody algebras, and the Monster. Proc. Nat’l. Acad. Sci. U.S.A.
83, (1986), 3068–3071.
[2] Dong, C. and Lepowsky, J., Generalized vertex algebras and relative vertex operators, Birkhauser,
Boston, 1993.
[3] Feigin, B. and Frenkel, E. The family of representations of affine Lie algebras, Russian Math. Survey
43, (1988), 221-222.
[4] Feigin, B. and Frenkel, E., Representations of affine Kac-Moody algebras and Bosonization, In: Physics
and Mathematics of Strings, eds. L. Brink, D. Freidan, A. M. Polyakov, pp. 271–316, World Scientific.
Singapore, 1990.
[5] Feigin, B. and Frenkel, E., Affine Kac-Moody algebras and semi-infinite flag manifolds, Comm. Math.
Phys. 128, no. 1, (1990), 161–189.
[6] Frenkel, E. and Gaitsgory, D. Geometric realizations of Wakimoto modules at the critical level, Duke
Math. J. 143, (2008), 117–203.
[7] Frenkel, I. B., Lepowsky, J. and Meurman, A., Vertex operator algebras and the Monster, Academic
Press, San Diego, 1988.
[8] Jing, N., Higher level representations of the quantum affine algebra Uq
(
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